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PROBLEMS AND SOLUTIONS. 



[May, 



Solution by Maecia Latham, New York City. 

Then /.DC A =90-2*, 



Let BC =a,AC = b, DC =c, Z DCE = z ECB = x, I ABC = 
I EDC = 180 - (2x + y), and / BEC = 180 - (x + y). 

sin y = b/40 and cos y = a/40. 
Since EC bisects / BCD, 

a/c = 15/10 = 3/2. 
In the triangle, DC A, by the law of sines, 

c/15 = cos 2//cos 2x. 
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Combining (1), (2), and (3), 2o/45 = a/40 cos 2x, or cos 2x = 9/16, 
a; = 1/2 cos" 1 9/16 = 27° 53' 8". In the triangle, BCD, by law of 
sines, sin (2x + y)/sin y = a/c. Whence, by (1) and (2) 



sin (2x + y) = 36/80. 



(4) 



Also, a/25 = sin (2x + j/)/sin 2x; whence, by (4), sin 2x = 156/16a. 
But sin 2 2x + cos 2 2x = 1. Then (15b/16a) 2 + (9/16) 2 = 1; whence 

b 2 = 7a 2 /9. (5) 

Now, in the triangle, ABC, a? +& = (40) 2 ; whence, by (5), a? + 7a 2 /9 = 1,600; whence, a = 30 
and from (5), b = 10 V7. 

Also solved by A. M. Harding, Poltcarp Hansen, C. E. Horne, R. A. 
Johnson, Elmer Latshaw, E. W. Martin, Louis Ordanksy, A. Pelletier, 
J. L. Riley, H. M. Roeser, L. Smith, D. L. Stamy, H. Tsai, and L. G. Weld. 

2760 [1919, 124]. Proposed by CHARLES N. SCHMALL, New York City. 

In an arithmetical progression, if s„ be the sum of the first n terms, s in the sum of the first 
2n terms, and s 3 „ the sum of the first 3n terms of the same series, prove that sj» — s„ = js 3 „. 

Solution by Emma M. Gibson, Springfield (Mo.) High School. 

The sum of n terms of an arithmetical progression is expressed by the formula 

n(ai + a„) 



where ai and o„ are the first and nth terms, respectively. 

Hence, s„ = n(ai + a„)/2, s 2 „ = 2n(ai + a 2 „)/2, and s 3n = Sn(ai + a 3 „)/2 are the sums of 
the first n terms, the first 2« terms, and the first 3ra terms, respectively. Now a in = a n + nd, 
a 3n = a2n + nd = a n + 2nd, d being the common difference. 

Then s 2 „ = 2n(ai + a„ + nd)/2 and s 3 „ = 3n(ai + a„ + 2nd) 12 and 

sin — Sn = 2n(ai + On + nd) j2 — n(ai + a„)/2 = n(ai + a» + 2nd) 12 = 3 3 „/3. 

Also solved by R. D. Bohannan, H. L. Bridges, Jr., H. N. Carleton, 
W. F. Cheney, Jr., P. J. da Cunha, H.'C. Gossard, William Herberg, C. N. 
Mills, Louis O'Shaughnessey, H. L. Olson, A. Pelletier, J. B. Reynolds, 
I. S. Sun, and Elijah Swift. 

2768 [1919, 171]. Proposed by PAUL CAPBON, U. S. Naval Academy. 

Given the center, a focus, and a point of a conic, construct geometrically the circle of curvature 
at the point. 
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I. Solution by P. J. da Cunha, University of Lisbon. 

Soient F le foyer donnil, C le c entre, F ' l'autre foyer, determine" sur F C par CF' = FC = c, 
la et 26 les axes de la conique, e = Va 2 ± b 2 /a son excentricite\ 2p son parametre, Jf le point donne, 
« et 8' les rayons vecteurs Filf et F'M , R et n le rayon de courbure et la longueur de la normale 
M T a la conique au m&ne point, 2« Tangle FMF' pour l'ellipse et son supplement pour 1' hyperbole, 
x, y les coordonnees de M, en supposant la conique rapportee a ses axes. 

En considerant d'abord le cas d'ellipse, nous partirons des formules connues 

n i j 

(1) R = tf' n=-^a*y 2 +bV, 6 = a + ex, 5' = a - ex, 

d'ou E resulte, en premier lieu 

„2 = g V + w = «'(«'&* -t^e') + 6^ _ a^ 8 - V{<# - 6')a; 2 = &(a? - e 2 a: 2 ) _ W 
a 4 a 4 o< _ a 2 - a 2 

ou 

(2) ««'=J« 2 - 





Le triangle FMF' donne, d'autre part, 4c 2 = S 2 + S' 2 - 2dd' cos 2w = (a + S') 2 - 4«S' cos 2 u 
ou, en egard a l'equation (2) 4c 2 = 4a 2 — (4o 2 /6 2 )n 2 cos 2 a, A' oil il vient, toutes reductions faites, 
n cos u = 6 2 /a = p. La premiere des formules (1) donne ensuite 

(3) R = 



COS 2 a ' 



Un calcul analogue, applique a l'hyperbole, nous conduirait au meme r^sultat. Or la formule 
(3) r6sout le probleme, parce qu' elle donne imm<§diatement, la construction suivante: 

Par le point T, oil la normale coupe l'axe FF', on mSne une perpendiculaire a M T, et par le 
point P, ou elle coupe FM, on mSne une autre perpendiculaire a FM . Le point de rencontre 
de cette droite avec MT est le centre de courbure demanded 

Obs. L'enonce" du probleme suppose une conique a centre, mais il est facile de verifier que le 
r&ultat obtenu s'applique egalement a la parabole. 

Note. La solution ci-dessus n'est pas nouvelle. Voir Duhamel, Elements de calcul infinite- 
ismal, tome 1, Paris, 1856, p. 172-173. 

II. Solution by Grace M. Bareis, Ohio State University. 

Let the center, focus and point of the conic be designated by C, F and M , respectively. On 
the Une through CF, locate F', the other focus, so that F'C = CF. Describe the circle through 
F', F, M. Join M to the ends of the diameter that passes through C. These two lines are the 
tangent and normal to the conic at M. The conic is a hyperbola or an ellipse according as the 
line that divides the segment CF internally or the one that does not so divide it is taken as tangent. 
The problem, therefore, has two solutions. 

Let L and T be the points in which the tangent and normal, respectively, cut the line joining 
C and F. Let L' be the foot of the perpendicular from M on CF; then, L' and L are conjugate 
points with respect to the conic. Now find A and A', the double points in the involution deter- 
mined by the pair of points L and L' and the center of the involution C. These points A and A' 
are the vertices of the conic. The lines through A and A', respectively, and perpendicular to CF 
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are the tangents at these points. The conic is, therefore, determined; for we have three points 
M, A, A' and the tangent at each of them, known. 

From this point on the construction may be completed in any one of three ways: 

(1) By the use of Pascal's Theorem, find the point H in which the normal at M cuts the conic 
again. Draw the circle on HM as diameter. Find the fourth point of intersection G of this circle 
with the conic. Draw HG. Through M draw MK parallel to HG and determine the point K in 
which this line cuts the conic again. The circle tangent to the conic at M and passing through 
K is the required circle of curvature at M . (Cf. L. Cremona, Elements of Projective Geometry, 
Oxford, 1885, p. 190). 

(2) By the method previously described both the ellipse and the hyperbola that have center 
C, focus F, and point M are determined. The construction may, therefore, be completed by making 
use of the fact that at the intersection of two confocal conies the center of curvature of either is 
the pole with respect to the other of the tangent to the former at the intersection. 

(3) Through F, draw a line parallel to the tangent at M . By Desargues' Theorem, find the 
points R and R' in which this line meets the conic. On MF take Q so that MQ = RR'. Then the 
circle through Q and tangent to the conic is the required circle of curvature; for, the focal chord 
of curvature is equal to the focal chord of the conic drawn parallel to the tangent at the point. 
For results in (2) and (3) the reader may consult Salmon's Conic Sections, 6th ed., 1879, pp. 374- 
376. 

It may be noted that if C is at infinity, the conic becomes a parabola with the axis CF, the focus 
F, and the point M given. Two parabolas may be drawn satisfying these conditions according to 
which of the bisectors of the angle made by MF and the diameter through M is taken as tangent. 
The above methods of construction then apply to this case also. 

Also solved by H. Halperin, A. Pelletier, J. B. Reynolds, and the 

Proposer. 

2771 [1919, 191]. Proposed by GEORGE PAASWELL, New York City. 

A circle is revolved through an angle of 90° about a vertical chord which does not pass 
through the center of the circle. Taking the origin at the lower extremity of the chord, the z-axis 
along the chord and the x- and 2/-axes in the boundary planes, pass a plane through the x-axis 
making a given angle with the xy plane. Determine the portion of the area of the surface above 
the plane and between the xz and yz planes. 

I. Solution by J. B. Reynolds, Lehigh University. 

A solution by vector analysis. Let r = a cos + b sin be the polar equation of the circle 
revolved. From this we see that for a vector equation of the surface generated, we may write 
r = (a cos t + b sin t) cos t cos u-i + (a cos t + b sin t) cos t sin u-j + (a cos t + b sin t) sin t-k; 
or 

r = i{a + a cos It + b sin 2<| cos u-i + l|a + a cos 2f + 6 sin 2t\ sin u-j 

+ h{b + a sin It — b cos 2t\ -k 
from which 

dr 

— = { — a sin 2t + b cos 2t\ cos u-i + { — asm2t + bcos2t] sin u-j + {acos2£ + 6 sin 2t}-k, 

dr 

— = — i{a + a cos 2t + b sin 2t\ sin u-i + i{a + a cos 2t + b sin 2t\ cos u-j, 

giving the vector product 

dr dr 

— X — = — §{a + a cos2t + b sm2t] {acos2< +6sin2<) cos u-i 

— \{a + a cos 2t + 6 sin 2<j (a cos 2t + b sin 2t) sin u-j 

+ i j - a sin 2t + b cos 2t\ {a + a cos 2t + b sin 2 2t\ -k. 

1 Of course it is unnecessary to describe the circle through F', F, M, for the tangent and normal 
bisect angles given at M; nor is it necessary to invoke an involution in order to get A and A' since 
we have given F'M + FM = 2a. — Editor. 



